GALOIS EMBEDDING OF K3 SURFACE 
- ABELIAN CASE 



O ' HlSAO YOSHIHARA 

(N 

^ ( . Department of Mathematics, Faculty of Science, Niigata University, 
Q_i' Niigata 950-2181, Japan 

. E-mail:yosihara@math . sc. niigata-u.ac.jp 

O. 

Abstract. We study Glois embeddings of K3 surfaces in the case where the 
' Galois groups are abelian. We show several properties of K3 surfaces concerning 

the Galois embeddings. In particular, if the Galois group G is abelian, then G = 
^ . Z/4Z, Z/6Z or (Z/2Z)® 3 and S is a smooth complete intersection of hypersurfaces. 

' Further, we state the detailed structure of such surfaces. 



j> ! 1. Introduction 

■ The purpose of this article is to study Galois embeddings of K3 surfaces, where 

^sO ', the Galois groups are abelian. The non-abelian case will be treated later. Before 

going into the study on K3 surfaces, we recall the definition of Galois embeddings 
of algebraic varieties and their properties. 

Let k be the ground field of our discussion, we assume it to be the field of complex 
numbers, however most results hold also for an algebraically closed field of character- 
istic zero. Let V be a nonsingular projective algebraic variety of dimension n with a 
very ample divisor D, we denote this by a pair (V,D). Let / = fo '■ V P N 
be the embedding of V associated with the complete linear system \D\, where 
N + 1 = dimH°(l/, 0{D)). Suppose that W is a linear subvariety of P^ satis- 
fying dim W = N — n — 1 and W Pi f(V) = 0. Consider the projection ir\y from W 
to P n , ttw '■ ^ N — • * P ra - Restricting tt\y onto /(V), we get a surjective morphism 
7T = ir w ■ f : V — > P n . 

Let K = k(V) and Kq = k(¥ n ) be the function fields of V and P n respectively. 
The morphism tt induces a finite extension of fields ir* : Kq ^ K of degree d = 
deg/(V) = D n , which is the self-intersection number of D. We denote by Kw 
the Galois closure of this extension and by Gw = Gal(Kw / Kq) the Galois group 
of K\y/Kq. By [1] we see that Gw is isomorphic to the monodromy group of the 
covering tt : V — > P n . Let Vw be the iT^y-normalization of V (cf. [21 Ch.2]). Note 
that Vw is determined uniquely by V and W. 



o 



Definition 1.1. In the above situation we call Gw and Vw the Galois group and 
the Galois closure variety at W respectively (cf. |12j). If the extension K/Kq is 
Galois, then we call / and W a Galois embedding and a Galois subspace for the 
embedding respectively. 
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Definition 1.2. A nonsingular projective algebraic variety V is said to have a 
Galois embedding if there exist a very ample divisor D satisfying that the embedding 
associated with \D\ has a Galois subspace. In this case the pair (V,D) is said to 
define a Galois embedding. 

If W is the Galois subspace and T is a projective transformation of F N , then 
T(W) is a Galois subspace of the embedding T ■ f. Therefore the existence of Galois 
subspace does not depend on the choice of the basis giving the embedding. 

Remark 1.3. If a smooth variety V exists in a projective space, then by taking 
a linear subvariety, we can define a Galois subspace and Galois group similarly as 
above. Suppose that V is not normally embedded and there exists a linear subvariety 
W such that the projection ttw induces a Galois extension of fields . Then, taking D 
as a hyperplane section of V in the embedding, we infer readily that (V, D) defines 
a Galois embedding with the same Galois group in the above sense. 

By this remark, for the study of Galois subspaces, it is sufficient to consider the 
case where V is normally embedded. 

We have studied Galois subspaces and Galois groups for hypersurfaces in [8], [9] 
and [10] and space curves in [11] and [13]. The method introduced in [12] is a 
generalization of the ones in these studies. 

Hereafter we use the following notation and convention: 

• Aut(V) : the automorphism group of a variety V 

■ \G\ : the order of a group G 

■ ~ : the linear equivalence of divisors 

• l m : the unit matrix of size m 

■ [ot,\, . . . , a m ] : the diagonal matrix with entries ol\, . . . , a m 

The organization of this article is as follows: In Section 2 we review the results 
of Galois embeddings, which will be used in the sequel. We devote the remainder 
sections to the study of the Galois embedding of K3 surfaces. 

2. Results on Galois embeddings 

We state several properties concerning Galois embedding without proofs, for the 
details see [12]. By definition, if W is a Galois subspace, then each element a of 
Gw is an automorphism of K = Kw over Kq. Therefore it induces a birational 
transformation of V over P n . This implies that Gw can be viewed as a subgroup 
of Bir(V/P n ), the group of birational transformations of V over ¥ n . Further we can 
say the following: 

Representation 1. Each birational transformation belonging to Gw turns out to 
be regular on V , hence we have a faithful representation 

a:G w ^ Aut(y). (1) 

Therefore, if the order of Aut(V) is smaller than the degree d, then (V, D) cannot 
define a Galois embedding. In particular, if Aut(V) is trivial, then V has no Galois 
embedding. On the other hand, in case V has infinitely many automorphisms, we 
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have examples such that there exist infinitely many distinct Galois embeddings, see 
Example 4.1 in [I2j . 

When (V,D) defines a Galois embedding, we often identify f(V) with V. Let H 
be a hyperplane of ¥ N containing W. Let D' be the intersection divisor of V and 
H. Since D' ~ D and a*(D') = D', for any a G G^y, we see that a induces an 
automorphism of H°(V, O(D)). This implies the following. 

Representation 2. We have a second faithful representation 



(3:G W ^ PGL(N,C). 



(2) 



In the case where W is a Galois subspace we identify a G Gw with /3(<x) € 
PGL(N, C) hereafter. Since Gvy is a finite subgroup of Aut(V), we can consider the 
quotient V/Gw and let ttg be the quotient morphism, txq : V — > V/Gw- 

Proposition 2.1. If (V,D) defines a Galois embedding with the Galois subspace 
W such that the projection is ttw : F N —•* ¥ n , then there exists an isomorphism 
g : V/Gw — ► P n satisfying g ■ ttq = tt. Hence the projection tt turns out to be a 
finite morphism and the fixed loci of G\\r consist of only divisors. 

Therefore, tt is a Galois covering in the sense of Namba We have a criterion 
that (V, D) defines a Galois embedding. 

Theorem 2.2. The pair (V, D) defines a Galois embedding if and only if the fol- 
lowing conditions hold: 

(1) There exists a subgroup G o/Aut(V) satisfying that \G\ = D n . 

(2) There exists a G-invariant linear subspace C of IL (V,O(D)) of dimension 
n + 1 such that, for any a G G, the restriction a*\c is a multiple of the 
identity. 

(3) The linear system C has no base points. 

It is easy to see that a G G\y induces an automorphism of W, hence we obtain an- 
other representation of Gw as follows. Take a basis {/o, fx, ■ ■ ■ , /at} of Er(V, 0(D)) 
satisfying that {/o, fx, ■ ■ ■ , f n } is a basis of C in Theorem 12.21 Then we have the 
representation 



AM 



(3) 



M'J 



\ 

Since the representation is completely reducible, we get another representation using 
a direct sum decomposition: 

P 2 (o-) = \ a -l n+1 ®M , cr . 

Thus we can define 

7(cj) = M' a G PGL(N - n - 1, C). 
Therefore a induces an automorphism on W given by M' a . 
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Representation 3. We get a third representation 



7 : Gw — > PGL(N — n — 1, C). (4) 

Let Gi and G2 be the kernel and image of 7 respectively. 
Theorem 2.3. We have an exact sequence of groups 

1 — > Gi — > G G 2 — > 1, 
where G\ is a cyclic group. 

Corollary 2.4. If N = n+ 1, i.e., /(V) is a hypersurface, then G is a cyclic group. 

This assertion has been obtained in |10j . Moreover we have another representa- 
tion. 

Suppose that (V, D) defines a Galois embedding and let G be a Galois group 
for some Galois subspace W. Then, take a general hyperplane W\ of P n and put 
V\ = 7r*(Wi). The divisor V\ has the following properties: 

(i) If n > 2, then V\ is a smooth irreducible variety. 

(ii) V\ ~ D. 

(hi) a*(Vi) = Vi for any a € G. 

(iv) Vi/G is isomorphic to Wi. 

Put -Di = Vi Pi H±, where Hi is a general hyperplane of P^. Then (Vi, Di) defines 
a Galois embedding with the Galois group G (cf. Remark ll.3p . Iterating the above 
procedures, we get a sequence of pairs (Vi,Di) such that 

(V, D) D {V x ,Di) D • • • D (y n _!, D n _!). 

These pairs satisfy the following properties: 

(a) Vi is a smooth subvariety of which is a hyperplane section of 
where A = ^i+l, V = F and D = Vi (1 < i < n - 1). 

(b) (Vi,Di) defines a Galois embedding with the same Galois group G. 

In particular, letting G be the curve V n -i, we get the following fourth representation. 

Representation 4. We have a fourth faithful representation 

5:G W ^ Aut(G), (5) 

where C is a smooth curve in V given by V n L such that L is a general linear 
subvariety of¥ N with dimension N — n + 1 containing W. 

Note that in some cases there exist several Galois subspaces and Galois groups 
for one embedding (see, for example |13j). Generally we have the following. 

Proposition 2.5. Suppose that (V,D) defines a Galois embedding and let Wi (i = 
1,2) be Galois subspaces such that W\ 7^ W%. Then Gi 7^ G2 in Aut(V), where Gi 
is the Galois group at Wi. 

Corollary 2.6. If V is a smooth projective algebraic variety of general type, then 
there are at most finitely many Galois subspaces. 
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Remark 2.7. It may happen that there exist infinitely many Galois subspaces for 
one embedding if the Kodaira dimension of V is small. For example, if V = P 1 
and degD = 3, i.e., /(V) is a twisted cubic, then the Galois lines form two dimen- 
sional locally closed subvariety of the Grassmannian G(l,3), parametrizing lines in 
projective three space (cf. [TT]). 

3. K3 Surfaces 

We apply the methods developed in the previous sections to the study of K3 
surfaces. For each abelian surface with a Galois embedding, we have studied in detail 
in [12]. In particular, we have given the complete list of the complex representation 
of every possible group and shown that the surface is isogenous to the square of an 
elliptic curve. 

A curve and surface will mean a nonsingular projective algebraic curve and surface 
respectively. In addition to the notation listed in Section 1, we use the following 
hereafter: 

• (ai, • • • , a m ) : the subgroup generated by ai, ■ ■ ■ ,a m 

■ Z m : the cyclic group of order m 

■ e m := exp(27r\/^T/m) 

• D\.Di : the intersection number of two divisors D\ and D2 on a surface 

• D 2 : the self-intersection number of a divisor D on a surface 

• (Xq : • • • : X m ) : a set of homogeneous coordinates on P m 

• g(C) : the genus of a smooth curve C 

■ Supp D : the support of a divisor D 

■ 1(4) : a smooth quartic surface in P 3 

• -XV23) : a smooth (2, 3)-complete intersection of hypersurfaces in P 4 

• X(222) : a smooth (2, 2, 2)-complete intersection of hypersurfaces in P 5 

Suppose that S is a K3 surface such that (S, D) defines a Galois embedding with 
the Galois group G C Aut(5). Let ujs be a nowhere vanishing holomorphic two form 
of S Then, let e : G — > C x = C \ {0} be the character of the natural representation 
of G on the space H 2 '°(S) = Cus, i.e., e(a) = A for a G G if a*(us) = ^s- There 
exists a multiplicative group T m of the m-th roots of unity and the following exact 
sequence of groups: 

1 — > G s — > G T m — > 1, (6) 

where G s is a symplectic group [5]. Let it : S — > P 2 be the projection, which is 
a Galois covering defined in Section 2. Let W be the center of the projection and 
H a general hyperplane containing W. Put C = S n H. Then C is an irreducible 
smooth curve and C ~ D. 

Lemma 3.1. The representation r : G — > Aut(C) given by r(cr) = a\c is injective. 

Proof. Note that a G G is an automorphism of S over P 2 and o~(C) = C. If o~\c is 
identity, then C is a component of the ramification divisor of the covering. Since C 
is given by H which is general, a must be identity. □ 

The restriction n\c '■ C — > P 1 turns out to be a Galois covering, where the Galois 
group is isomorphic to G. Since H 1 (S', O) = and the canonical divisor on S is 
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trivial, the restriction of fo to C gives the canonical embedding of C . Therefore C 
has a Galois embedding given by its canonical divisor. 

Lemma 3.2. The group G is non-symplectic, i.e., T m ^ {1}. 

Proof. Suppose T m = {1}. Then, G = G s . This means that the fixed loci of each 
element of G is at most finitely many points. This contradicts to Proposition ^. 1[ □ 

Let R be the ramification divisor for ir. 

Lemma 3.3. We have R ~ 3D and Supp R is connected. Each irreducible compo- 
nent of Supp R is smooth. 



Proof. Since the canonical divisor on S is trivial, using the adjunction formula, we 
get 7r*(-3f) + R ~ for a line I in P 2 . Since vr*(f) ~ D, we have R ~ 3D, hence R 



Example 3.4. Let S be the Fermat quartic surface: Xq + Xf + X% + X$ = and 
P be one of the points (1 : : : 0), (0 : 1 : : 0), (0 : : 1 : 0) and (0 : : : 1). 
The projection from P to the hyperplane P 2 defines a cyclic Galois covering (such P 
is called a Galois point [10]). Note that S is a Kummer surface Km(E x E), where 
E = C/(l,e4). Further, it is a singular K3 surface, i.e., p(S) = 20 (cf. [3]). 



In the case of Galois embeddings of abelian surfaces, the group cannot be abelian. 
However, in the case of K3 surfaces, the group can be a cyclic group as in Example 
13.41 Nikulin |7) shows that there exist many abelian automorphism groups for K3 
surfaces. So let us consider the Galois embedding where the Galois group G is 
abelian. Hereafter we assume G is abelian if not otherwise mentioned. 

Theorem 4.1. If the Galois group G is abelian, then G = Z±, Z§ or = Z2 x 

Z2 x Z2 and S is isomorphic to Su\, S^s) or ^(222) respectively. 

We will give concrete examples for the three surfaces in Section 5. We note that 
for the proof of Theorem 14.11 we do not use the property of Galois embedding, but 
only use that the covering it : S — > P 2 is Galois (except in the proof of Claim [4~T6j) . 
So the result may be known, but for the sake of completeness, we give the proof in 
this article. 

Before proceeding with the proof, we fix the notation. Let 7r : S — > P 2 be the 
Galois covering induced by the projection. Put \G\ = n and assume that R = 
(rii — 1)C\ + • • • + (n r — l)C r , where Cj are irreducible components. For a G G put 
F[a) = { x G S I a{x) = x }. 

Lemma 4.2. For each point x G Supp R the stabilizer of the point G x = { a G 
G I o~(x) = x } is generated by at most two elements. 

Proof. There exists an open neighbourhood U x and coordinates on it such that G x 
has a representation in GL{2, C). Since G is abelian, we can assume each element of 
G x is generated by one or two diagonal matrices [a, 1] and [l,/3], where a n = f3 n = 



is very ample. 



□ 



4. ABELIAN CASE 



1. 



□ 



Lemma 4.3. The following assertions hold true. 
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(1) Supp R is connected. 

(2) Each irreducible component is a smooth curve. 

(3) Supp R has normal crossings. 

Proof. Since R ~ 3D, we have R is ample, hence Supp R is connected. Each 
component Cj is given by { x G S \ a(x) = x } for some a G G \ {id}, where 
locally a can be expressed as a diagonal matrix [a, 1]. Thus Ci is smooth. Suppose 
x eSupp R is an intersection point of some components Ci (1 < i < r). As we have 
seen in the proof of Lemma 14.21 there exist two elements [a, 1] and [l,/3] which are 
generators of the stabilizer G x . Thus there exist just two irreducible components 
meeting normally. □ 

Lemma 4.4. For each irreducible component C of R, we have Supp it*(tt(C)) = C , 
i.e., t(C) = C for any r G G. In particular C is an ample divisor. 

Proof. Let a G G satisfy a ^ id and a\c = id. Since vr(C) is ample and it : S — > P 2 
is a finite morphism, 7r*(-7r(C)) is ample and hence Supp 7r*(-7r(C)) is connected. 
Suppose Supp it*(it(C)) is reducible. Then, there exists another irreducible compo- 
nent C' of 7T*(7r(C)) such that C' = a'(C) for some a' G G and C n C' ^ 0. Since 
aa' = o'o, we have a(a'(y)) = cr'(y) for any y G C. This means £t|c/ = id. Take 
x G C n C' . Then C and C" have a normal crossing at x by Lemma I4.3I However, 
looking at a near x, the a can be expressed as one of the diagonal matrices [a, 1] 
and [l,/3], where a / 1 and (3^1. This contradicts to that a\c' = id. □ 

Corollary 4.5. PFii/i the same notation as in Lemma \4-4\ we have C 2 > 0, hence 
9(C) > 2. 

Proof. Since 7r*(7r(C)) can be expressed as mC, we have m 2 C 2 = n(7r(C)) 2 > n. 
Since 2g(C) — 2 = C 2 we have the assertion. □ 

Put Gi = { a G G | a\d = id } (1 < £ < r). Then Gj is determined uniquely by 
Cj and not a trivial subgroup of G. 

Lemma 4.6. T/ie group G{ is cyclic. 

Proof. For a general point x G Ci, taking a suitable local coordinates, we can express 
each a G Gi as [a, 1]. We have a monomorphism p : Gi — > C x , where p(a) = a. 
Since p(Gi) is a cyclic group, so is Gi. □ 

Lemma 4.7. T/ie surface Si = S/Gi (1 < i < r) is a smooth rational surface. 

Proof. Since near each point x G Ci, the a £ Gi can be expressed as a diagonal 
matrix. Hence Si is smooth. Let -fQ be a canonical divisor on Si. Then, we have 
7r*(Ki) + Ri ~ 0, where Hi : S — > Si and Ri is a ramification divisor for 7Tj. Since i?j 
is effective, we infer that dimH°(5'j, 0(2Ki)) = 0. Clearly we have dimH°(S'j, fij) = 
0, where Qj is the sheaf of holomorphic 1-forms on Si. Therefore Si is rational by 
Castelnuovo's Rationality Criterion. □ 

Lemma 4.8. There does not exist r G G such that r ^ id and F(t) = 

Proof. Suppose otherwise. Since G is abelian, expressing G = (t) X G', we put 
S' = S/G'. Then S' is a smooth rational surface. Because, as we see in the proof 
of Lemma 14.21 G x is generated locally by reflections. Hence S' is smooth. Since 
there exists a covering Si — > S' (or Si = S') and Si is rational, we see that S' 
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is rational. The n' : S' — > P 2 = S/G' is an unramified double covering, this is a 
contradiction. □ 

Lemma 4.9. The group Gi (1 < i < r) determines Gj uniquely and GiDGj consists 
of identity if i 7^ j . Therefore, there exists a one to one correspondence between the 
set { Gi I 1 < i < r} and { d | 1 < i <r }. 

Proof. If Ci / Cj, then we have Q n Cj 7^ by Lemma @3J Take x G d n 
Q. Consider Gi and Gj in a neighbourhood of 2. Since G is abelian, there exist 
generators [a, 1] and [l,/3] of Gi and Gj respectively. If a G Gj n Gj, then cjIq = 
o"!^ = id. This implies that a = id. □ 

Lemma 4.10. T/ie group G can be expressed as a direct product G\ X • • • X G r , 
where each Gi is cyclic (1 < i < r). 

Proof. For each element o~ £ G, there exists a fixed point of <r by Lemma [4.81 If -F(cr) 
contains a curve, then there exist i such that a\d = id. This means that a E Gj. 
On the other hand, if F(a) consists of only points, then take x G F(a). It is easy 
to see that there exist two curves Gj and Gj containing x. Then a can be expressed 
as a product of elements of Gj and Gj. Therefore, we conclude the assertion from 
Lemma 14.91 □ 



Let Aj be the plane curve 7r(Gj) and put A = Ai + • • • + A r . 

Lemma 4.11. Each A, is smooth (1 < i < r) and A /ias normal crossings. 

Proof. In the proof of Lemma 14.41 we have shown that r(Gj) = Gj for each r G G. 
Therefore G acts on Gj and we can consider Gj/G. We denote it by Aj. Hence Aj 
is smooth. For a point x G G« n Gj we have cij(x) = crj(x) = x and <7fc(Gj) = Gj and 
crfc(Gj) = Gj (1 < i, j, k < r). Hence A has normal crossings. □ 

Put rjj = |Gj|. Then we have n = Hi=i re « by Lemma 14.101 Denote by x{V) the 
topological Euler characteristic of a curve or a surface V. 

Lemma 4.12. VFe /tawe rtj = 2, 3 or 4 /or eac/i i. 

Proof. Put Gj = 7Tj(Gj) where 7Tj : 5 — >• Sj = S/G{. Compare xC-^) an d x('Si)- 
Since Gj = (o"j) and crj Ic^ = id, the Gj is isomorphic to Gj. Hence we have 

X (S) = X (5-Gj) + X (G) 

= ni X {Si-Ci) + x(Ci)_ 
= nix{Si) + (1 - nj)x(Gj) 

We have xiPi) = 2 — 2o(Gj) = x(Q)- Therefore we have 

24 = mx(Si) + (rtj - l)(2o(G) - 2). (7) 

Since Sj is a smooth rational surface by Lemma 14.71 we have x(^i) — 3- Further, 
we have g{Ci) > 2 by Corollary 14.51 Thus, clearly we have rtj < 5. In case = 5, 
we have 24 = 5x(<Sj) + 8(g(Ci) — 1), but this cannot hold. Whence we conclude 
Hi < 4. □ 

Next we consider the branch divisor for tt. Put dj = degAj (1 < % < r). 
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Lemma 4.13. We have the equality 

4(l--L) + ... +<tF (l-l)=* (8) 
In particular, we have r < 6. 

Proof. Letting I be a line in P 2 , we have 7r*(3£).7r*(i') = 3n. Since 7r*(Aj) = n^Ci, 
we have riiCi.T = 7r*(Aj).r = ndi, where T = tt*(£). Since R ~ 3D by Lemma 13.31 
and D ~ tt* (£) , we get 

(ni - l)rCi + • • • + (n r - l)TC r = 3n, 

hence 

(ni — 1) — n + • • • + (n r — 1) — = 3n. 

n\ n r 

This proves the equation. Since > 2 and di > 1, we have r < 6. □ 

Lemma 4.14. VFe /iaue di >2 for each i. 

Proof. Put Gj = G/Gi and consider the coverings 

W : 5 — ► 5/Gi = 5i and q { : Si — )• P 2 = 

By Lemma 14.41 acts on Cj, hence put Cj = Pi(Ci) = Ci/Gi. By repeating 
the similar arguments as in the proof of Lemma 14.71 we conclude Si is a smooth 
rational surface. Suppose di = 1, Then, qi(Ci) = Aj is a line Hence we get 

q*(l) = riiCi. This means q*(£) 2 = n» = n 2 Gi . Hence njCj = 1, i.e., rtj = 1. This 
is a contradiction. □ 

Making use of Lemmas 14. 12\ 14. 131 and 14. 14^ we determine r, and di (1 < i < r). 

Claim 4.15. // f/iere exists i such that n« = 4, i/ien G = Z4. 

Proof. We may assume i = 1. We prove the claim by examining the cases: 

(i) r = 1. 

(ii) There exists j > 2 such that ?ij = 4. 

(iii) 71^ < 3 for all j > 2 and there exists for some j > 2 such that nj = 3 

(iv) rij = 2 for all j > 2 

In case of (i) we observe the equality (7). We have 24 = 4x(5*i) + 6(g(Ci) — 1). 
Since g\ = g(Ci) > 2, we have g\ = 3 and = 3. Since S\ is a smooth rational 

surface, we have S\ = P 2 , hence d\ = 4. Therefore we have G = Z/^. 

The case (ii) does not occur. Suppose otherwise. Then, since dj > 2, we infer 
from (8) that r = 2, d\ = di = 2 and ni = ?i2 = 4. Note that 0i|ci = id and a"i acts 
on C2. Thus we have x(^-i) = 2 and x(Ci) = —4 (i = 1, 2). Then we get 

X (S) = x(S-(G 1 UG 2 )) + X (G 1 UG 2 ) 

= 16 X (P 2 - (Ax U A 2 )) + x(Ai) + x(A 2 ) - x(Ai n A 2 ) 
= 36. 

which is a contradiction. 

The case (iii) does not occur. Suppose otherwise. Then, from (8) we have 

3 a * (1 - 1) + .fa (1 - i) > § + . 
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Since dj ^ 1, we have dj = 2. This means that r = 2 and 3c?2/4 = 5/3, which is a 
contradiction. 

The case (iv) does not occur. Suppose otherwise. Then, from (8) we have that 
3di + 2(c?2 + • • • + d r ) = 12, which implies that r = 2 and d<i = 3, i.e., n\ = 4, d\ = 2 
and n 2 = 2,d 2 = 3. Note that o-\\c± = id and o~\ acts on C%. We infer readily that 
C 2 := C 2 /G is a smooth curve in Si := S/G\ = P 2 . We have n = q± ■ pi, where 
pi : S — > Si and q\ : S\ — > S/G = P 2 . Then q\ : Si — > P 2 is a double covering 
branched along just A2, which is cubic. This is a contradiction. □ 

Therefore we assume ni = 2 or 3. Since di > 2, we have r < 3. 

(1) In case r = 3, it is easy to see that di = n{ = 2 for i = 1, 2, 3. Then, G = Z 2 3 - 

(2) In case r = 2, we have 



Then we have 5 < d\ + c?2 < 6. We assume di > di and find the solutions. 
Here we use the notation (a,b;c,d), which means a = d%,b = n\ and c = 
d 2 ,d = n 2 . 

(b-1) In the case d x + d 2 = 6, we have (4, 2; 2, 2) or (3, 2; 3, 2). 
(b-2) In the case di + d 2 = 5, we have (3, 3; 2, 2) or (3, 2; 2, 4). 

Claim 4.16. T/ie case r = 2 and ni = 77-2 = 2 does noi occur. 

Proof. We show that G cannot be isomorphic to Z 2 x Z2. Suppose (S,D) gives a 
Galois embedding. Then, |G| = D 2 = 4 and dimH°(5, O(D) = 4. Thus f D {S) is a 
quartic surface in P 3 . By Corollary 12.41 the Galois group must be cyclic, which is a 
contradiction. □ 

Claim 4.17. The case (3, 2; 2, 4) does not occur. 

Proof. Suppose otherwise. Then, there exists a smooth surface £2 = S/G 2 , which is 
a double covering of S/G = P 2 branched along A\. However, deg Ai is odd, hence 
the double covering cannot exist. This is a contradiction. □ 

Thus only the case m = 3 and n 2 = 2 remains, which corresponds to G = 
Z3 x Z 2 = Zq. Combining the results above, we complete the proof. The last 
assertion S = Sr 222 \ will be proved in Theorem 15.121 b elow . 



In this section we describe all the surfaces in Theorem 14.11 We study the Galois 
embeddings of S in detail for D 2 = 2m, where m = 2, 3 and 4. Let G be a general 
member of the complete linear system \D\. Then we have g(C) = m + 1, where 
g = g{C) is the genus of G and dimH°(5', 0(D)) = g + 1. So fo(S) is assumed to 
be embedded in P 9 . 

CASE 1. g = 3 

Assume |G| = D 2 = 4. Then G = Z4. Taking suitable homogeneous coordinates 
such that the Galois point be Xq = X± = X 2 = 0, then j3\(a), which is the projec- 
tive transformation (3) defined in Section 2, can be expressed as a diagonal matrix 
[1, 1, 1, e^. Since the defining equation of Jd(S) is invariant by this transformation, 
we infer readily the following. 




5. PARTICULARS 



GALOIS EMBEDDING OF K3 SURFACE 



11 



Theorem 5.1. We have that g = 3 if and only if G = Z±. In this case the defining 
equation of fo{S) can be given by X| + F&{Xo,X\,X2) = 0, where F^{Xq,X\,X2) 
is a form of degree four. 

Remark 5.2. The maximal number of Galois points for the surface in Theorem 15.11 
is four. And it is four if and only if it is the Fermat quartic (Example 13. 

We can show a relation between the possibility of Galois embedding and the 
Picard number p(S) for S. 

Lemma 5.3. For the surface S in Theorem \5.1\ we have p(S) > 2. 

Before proceeding with the proof we note the following. 

Remark 5.4. A smooth quartic plane curve A has at least 16 bitangent lines. 

Proof. Let A be the dual curve of A. Then we have degA = 12 and the genus of 
smooth model of A is 3. Let Tp be the tangent line to A at P. If the intersection 
number of Tp and AatPisi + 2>3, then P is said to be an i-flex. Letting a% 
be the number of i-fiexes of A (i = 1, 2), we see that A has ai-pieces of (2, 3) cusps 
and 02-pieces of (3,4) cusps. Referring to [21 Theorem 6.11], we get a\ + 2a<i = 24. 
If b is the number of nodes of A, then, applying the genus formula [2, Theorem 9.1], 
we get b > 16. Since a node of A corresponds to a bitangent line of A, the proof is 
complete. □ 

Let A be the branch locus of ir : S — > P 2 , which is a smooth quartic curve. Let 
£ be a bitangent line to A and we consider tt*(£). 

Claim 5.5. The curve ir*(l) =T is a sum of two (—2)-curves. 

Proof. Let Pi and P2 be tt~ 1 {£ n A). Suppose T is irreducible. Then, it is not 
difficult to see by local consideration that it has two singular points p (i = 1,2). 
Each Pi is locally isomorphic to the singularity defined by y 2 = x 4 . Let /x : T — > F 
be the resolution of singularities. Then 7r|r • (-1 '■ F — > £ is & cyclic Galois covering of 
degree 4. Then, by Riemann-Huwitz formula we have 2g(F) — 2 = 4(— 2) + 4 = —4, 
which is a contradiction. Hence we have tt*(£) = F% + I^, where Tj (i = 1,2) is a 
(-2)-curve and IYI^ =4. □ 

From this claim Lemma 15.31 is clear. 
CASE 2. g = 4 

In this case |G| = 6. So G = Z§ and put G = (a). 

Theorem 5.6. If G = Z%, then fz>(S) is a (2, 3) -complete intersection, furthermore 
the defining equation of fn{S) can be given by F%(Xq, X\, X2)+X^ 2 = F^(Xq, X\, A^)+ 
X4 3 = 0, where Fi(Xq,Xi, X%) is a form of Xq, Xi, X2 with degree i (i = 2,3) such 
that each curve P, = in P 2 has no singular points. 

Proof. Since the embedding is given by \D\, where D 2 = 6, the surface fo(S) is 
the smooth complete intersection. In the proof of Theorem 14.11 in case |G| =6, 
we have shown that d\ = n\ = 3 and c?2 = U2 = 2. So that a 2 (resp. <r 3 ) is 
identity on C\ (resp. C2). We have two covering maps fa : Si := S/(a l ) — > P 2 , 
where i = 2 and 3. The /j is a Galois covering of degree i branched along Aj. Put 



12 



HISAO YOSHIHARA 



Qi : S — > Si. Then we have 7252 = fzdz- Since A2 and A3 have normal crossings, 
the fiber product 52 x P 2 S3 is smooth. Since S is also given by the double covering of 
S3 branched along 53 (C2), we see that S is isomorphic to the fiber product S2 x P 2 S3. 
Furthermore, by taking a suitable coordinates on P 2 , we can assume S2 is defined 
by Xf + F 2 (X ,X 1 ,X 2 ) = and S 3 by X\ + F 3 (X ,X 1 ,X 2 ) = 0. This proves the 
theorem. □ 

There is some relation between a Galois embedding and the trivilality of the 
symplectic group G s . From the following Corollary 15.71 to Corollary 15.111 
we do not assume that G is abelian . 

Corollary 5.7. Suppose S has a Galois embedding. Then, G s is trivial if and only 
if the embedding is given by a divisor D such that D 2 = 4 or 6. 

Proof. If G s is trivial, then G is cyclic, hence G = Z4 or Zq. Conversely, if G = Z4 
or Zq, then the defining ideal of /d(S) and the generator a are given in Theorems 
15.11 or I0T6I Referring to [H Lemma 2.1], we conclude |T m | = 4 or 6, where T m is the 
cyclic group in (6). Thus G s is trivial. □ 



We consider the Picard number p(S) for the surfaces S in Theorem 15.11 and 15.61 

Lemma 5.8. If S is the surface in Theorem \5.6\ then p(S) > 2. 

Proof. Let a be a generator of G and consider S/(<7 3 ), which is a rational surface 
containing (— l)-curve. In fact, it is a smooth cubic in P 3 . Then we infer readily 
that S has a (— 2)-curve. □ 

Let Tx be the transcendental lattice for a K3 surface X. Machida and Oguiso [1] 
prove the following: 

Lemma 5.9. Let X be a K3 surface and G be a finite automorphism group of X. 
Assume that rank Tx > 14. Then G s = {1} ; or equivalently, G = T m . 

As we expect, a "general K3 surface" does not have a Galois embedding. Indeed, 
combining the results above, we deduce the following assertion. 

Theorem 5.10. If p(S) = 1, then S has no Galois embeddings. 

Corollary 5.11. If S has a Galois embedding and p(S) < 8, then it is isomorphic 
to S( 4 ) or S(23). Hence G = Z4 or Z%. 

Then, what can we say about a Galois embedding when p{S) is large ? Can we 
say that S has the Galois embedding in the case where p(S) is the maximal possible 
20 ? 

CASE 3. g = 5 

In this case |G| =8. So G = Zf . 

Theorem 5.12. If G = Z\, then S is a double covering of S(22); where S(22) * s 
a rational surface of (2, 2) -complete intersection in P 4 . Furthermore we have the 
following sequence of surfaces: 

S ^> S (22 ) ^ S m ^> P 2 , (6) 
which have the following properties. 
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(1) 7Tj (i = 1, 2, 3) is a double covering and ir = ir^ ■ ir 2 ■ tt\ . 

(2) S(22) * s a surface of (2, 2) -complete intersection o/P 4 . 

(3) S(2) is a smooth conic in P 3 . 

Further more, the defining equation of fr>{S) can be given by X^+F23(Xq, Xi, X2) = 
Xj + F 24 (X ,X 1 ,X 2 )=X* + F 25 (X ,X 1 ,X 2 )=0, where F 2i (X ,X 1 ,X 2 )isa form 
of Xq, X\, X 2 with degree 2, such that each curve F 2 i = (i = 3,4,5) in P 2 has no 
singular points. In particular S is isomorphic to 5(222) ■ 

Proof. The proof is done by the same way as the one of Theorem 15. 61 In this case we 
have di = Hi = 2 (i = 1,2,3). Let G = (01, a 2 , 03) and Gi = (a,). Put Si = S/(ai) 
and Sij = S/(ai,aj), where i / j. Then S is a double covering of Si and so is Si of 
Sij, and Sij is a double covering of P 2 branched along A^, where k are mutually 
distinct. It is easy to see that Si is isomorphic to the fiber product Sij x P 2 S^ and 
hence S is isomorphic to (5i2 S13) x P 2 S23. In particular S is isomorphic to 

5(222) • D 

Remark 5.13. In the case where G is not abelian and g = 4 or g = 5, we can show 
that G is isomorphic to the dihedral group. Furthermore such a K3 is obtained as 
a Galois closure surface of some rational surface. The research for non-abelian case 
will be done in the forthcoming paper. 

There are a lot of problems concerning our theme, we pick up some of them. 
Problems. 

(1) How many Galois subspaces do there exist for one Galois embedding and 
how is their arrangement? In the case of a smooth quartic surface in P 3 , 
see Remark 15.21 Then, how is the case for (2, 3)-complete intersection or 
(2, 2, 2)-complete intersection? 

(2) Does there exist a K3 surface S on which there exist two divisors Di (i = 1,2) 
such that they give Galois embeddings and D\ 7^ D\l 

(3) Does each singular K3 surface have a Galois embedding ? 
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